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ABSTRACT
Geometricalgorithmsfor linearICA haverecentlyreceved
someattentiondue to their pictorial descriptionand their
relative easeof implementationThegeometricapproactto
ICA hasbeenproposedrst by PuntonetandPrieto[1] [2]
in orderto separatéinearmixtures.We will reconsidegeo-
metricICA in asolid theoreticframewvork shaving that x-
pointsof geometridCA ful Il asocalledgeometriccorver-
gencecondition,whichthemixedimagesof theunit vectors
satisfy too. This leadsto a conjectureclaimingthatin the
supegaussiarunimodalsymmetriccasethereis only one
stable xpoint, thusdemonstratinginiquenessf geometric
ICA aftercorvergence.

1. INTRODUCTION

In independentomponentnalysis(ICA), givenarandom
vector thegoalis to nd its statisticallyindependentom-
ponents. This canbe usedto solve the blind sourcesepa-
ration (BSS) problemwhich is, givenonly the mixturesof
someunderlyingindependensourcesto separatéhemixed
signalsthusrecovering the original sources.In contrastto
correlation-basettansformationsuchasprincipalcompo-
nentanalysis|CA rendergheoutputsignalsasstatistically
independents possibleby evaluating higherorder statis-
tics. Theideaof ICA was rst expressedy JuttenandHer-
ault[3] [4] while thetermICA waslatercoinedby Comon
in [5]. Howeverthe eld becameopularonly with thesem-
inal paperby Bell and Sejnavski [6] who elaboratedipon
the Infomax-principle rst adwocatedoy Linsker[7] [8].

Recently geometricl CA algorithmshave receved fur-
ther attentiondue to their relative easeof implementation
[1] [9]: They have beenappliedsuccessfullyto the analy-
sis of real world biomedicaldata[10] [11] and have been
extendedo non-linearlCA problemq12] also.

2. BASICS

For let be the

real matrices,and

vectorspaceof

bethegeneralineargroupin
In the quadraticcaseof linear blind sourceseparation
(BSS),arandomvector calledmixed vector
is given; it originatesfrom an independentandomvector
, which will be denotedassource vector, by
mixing with a mixing matrix ,l.e. .
Here isa x edprobability space.Only the mixedvecto
is known, andthe taskis to recover andtherevith

In the nonlinearcase,where is ary function

, little is known becausewithout further restrictions,
the problemis generallyill-posed. But in the linear case
describedhbore, mary differentalgorithmshave beenpro-
posedwith the Bell-Sejnavski maximumentropy algorithm
[6] beingthe mostpopularand also mostwidely studied
amongthem.

In this paperwe considera geometricapproachto the
sourceseparatiomproblem.As weneedacertainuniqgueness
of the solution,we wantat mostoneof the sourcevariables

, Where denoteghe projection
onthe -th coordinateto be Gaussian.Thenary solution
to the BSSproblem, i.e. ary suchthat is
independents equivalentto , Whereequivalentmeans

that canbewrittenas with aninvertibledi-
agonalmatrix (scalingmatrix) andaninvertible
matrix with unit vectorsin eachrow (permutationmatrix)

. This hasbeenproved by Comon([5]. Vice
versa,ary matrix  which is equivalentto solvesthe
BSSproblem,sincewe calculatefor thetransformednutual
information

taking into accountthat the informationis invariantunder
scalingandpermutatiorof coordinates.

3. GEOMETRIC CONSIDERATIONS

Thebasicideaof thegeometricseparatiomethodiesin the
factthatin the sourcespace , where



Xy

Fig. 1. Exampleof atwo-dimensionakcattemplot of a mix-
ture of two Laplaciansignalswith identicalvariance. The
signalshave beenmixed by a maxtrix ~ mappingthe unit

vectorsonto vectorsinclined with angle to the -axis.
Strikedlinesshow bordersof thereceptie elds.

represent. X ednumberof sampleof the sourcevector
with zeromeantheclustersalongtheaxesof thecoordinate
systemare transformedby into clustersalong different
linesthroughthe origin. The detectionof those new axes
allowsto determinademixingmatrix ~ whichis equivalent
to ,seegure 1.

We now considerthe learningprocesgo beterminated
alreadyanddescribepreciselyhow to recover the matrix
then,i.e. afterthe axes,which spanthe obsenrationspace,
have beenextractedfrom the datasuccessfullyLet

for all
bethesetof positive coordinateaxes.Denote the
imageof this setunder .
Weclaimthat intersectgheunit -sphere

in exactly distinctpoints . For this notethat
is theimageof theunit vectors un-
derthemap

sowe have (aftera possiblereorderingof the 's)
. Since s bijective, induces andhence
. Furthermorewe notethatthe 's spanthewhole
, sothey form a basisof
De ne the matrix
mappingof onto for ,i.e.

to be the linear

This matrix thus effectsthe linear coordinatechangefrom
the standardcoordinates to the new basis . We
thenhave thefollowing lemma:

Lemma 3.1. For a permutation , thetwo matrices
and are equivalent.

Proof.

for apermutatiormatrix . O

Theorem 3.2 (Uniquenesf the geometricmethod). The
matrix is equivalento

Proof. By constructiorof , we have

sothereexistsa suchthat

Setting

yieldsaninvertiblediagonalmatrix , suchthat
This shavstheclaim. O

Corollary 3.3. Thematrix
lem.

solvesthe BSSprob-

4. THE GEOMETRIC ALGORITHM

We will restrictoursehesto the two-dimensionakase;in
[13], we show that for higher dimensionsthe numberof
samplesneededto guaranteea x ed error rate grows ex-
ponentially at leastfor uniform distributions. Thereforejn
practice,higherdimensionalCA solutionsare sometimes
constructedrom theirtwo-dimensionatounterpart®y pro-
jectingonto  alongdifferentcoordinateaxesandthenre-
constructingthe multi-dimensionalmatrix from the differ-
enttwo-dimensionasolutiong[14] [10] [11]. However, this
only worksif themixing matrix is closeto theidentity up
to scalingandpermutation.

So,let beanindependentwo-dimensional
Lebesgue-continuousindomvectordescribingthe source
patterndistribution; its densityfunction is denotedby



Fig. 2. Visualizationof the geometricalgorithmwith start-
ing points and and end points and

. As isindependent, factorizesn thefollow-
ing way

with the maminal sourcedensityfunctions
We assumehesourcevariables tobedlstrlbutedsymmet-
rically, i.e. for and .
In particulay . For stability of the geometrical-
gorithm, later we will have to assumethat the signalsare
supegaussiarandunimodal— in practicetheserestrictions
areoftenmetatleastapproximately

As abore,let  denotethe mixedvectorand
vertible mixing matrix suchthat
generalityassumehat is of theform

thein-
. Without lossof

where aretwo angles.The geometriclearning
algorithm for symmetricdistributionsin its simplestform
thengoesasfollows:

Pickfour startingneurons and on such
that and areoppositeeachother i.e. for
,and and arelinearly independentectors
in . Usually onetakesthe unit vectors and
. Furthermorex alearningrate such

that . and

Theniterate the following stepuntil an appropnateabort
conditionhasbeenmet:

Chooseasample accordingo thedistribution
of . If pick a new one— note that this case
happenavith probability zerosincethe probability density
function(pdf)  of isassumedo becontinuousProject

ontothe unit sphereandget ——. Let bein
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Fig. 3. Plotof thedensity  of amixture of two Laplacian

signalswith identical variance. The weight adaptatiorby
thegeometricalgorithmis alsovisualized alsosee gure 2.

suchthat or is the neuronclosestto  with
respecto anEuclideanmetric. Thenset

where is the projection,and

The othertwo neuronsarenot movedin this iteration.
In gures 2 and 3 the learningalgorithm hasbeenvi-
sualizedboth on the sphereand after the projectiononto

This algorithm may be called absolute winner-takes-
all learning. It is Kohonens learningalgorithmfor self-
organizingmapswith atrivial neighbourhoodunction ( -
neighbour algorithm) but with the modi cation that the
stepsizealongthedirectionof asampledoesnotdepencdn
distanceandthatthelearningprocesgakesplaceon  not
in

5. FORMAL MODEL OF THE GEOMETRIC
ALGORITHM

Now, we presenta formal theoreticalframawork for geo-
metricICA whichwill beusedin the next sectionto formu-
late a propercorvergencecondition.

First,we shav usingthesymmetryof thatit isin fact
notnecessaryo havetwoneurons and movingaround
on the sameaxis. Indeed,we shouldnot speakof neurons
but of linesin — so our neuronswould be living in the
real projective space , Where identi es
antipodalpoints. This is the manifold of all 1-dimensional
sulvectorspacesf . A metricis de ned by setting



for . Alternatively, onecan picturethe neu-
ronsin , where
identi es thetwo points and . Let
bethe canonicalprojection. Furthermoreit is usefulto
introducepolar coordinates on with
the strati cation suchthat . Let
bethe'modulo ' map.We want
to somehav approximatehetransformedandomvariable

Note, thatthe densityfunction  of canbe calculated

fromthedensity of by

for usingthesymmetryof . Thenthegeometric
learningalgorithminducesthe following discreteMarkov

process de nedrecursvely by

and

where

and isasequencef independenidentically
distributedrandomvariables with the samedis-
tributionas — we needthemin orderto representhein-

dependencef the successie samplingexperiments.Note
thatthe right handside of the algorithmhasbeenplugged
into in orderto guarante¢hat . Indeed,
thisis justwinnertakes-alllearningwith a signumfunction
in , but taking into accountthe factthat we have to stay
in . Note thatthe metric usedherenow is the planar
metric, which is obviously equivalentto the metric on
inducedby the Euclidearmetricon .

We furthermorecanassumehatafterenoughiterations
thereis onepoint thatwill not be trans\ersedary
more,andwithout loss of generality we assume to be
(otherwisecut  openat andprojectalongthis resulting
arc),sothattheabovealgorithmsimpli es totheplanarcase
with therecursiorrule

This is exactly Kohonens learningrule in the -neigh-
bourcasewith anadditionalsignfunction. Withoutthesign
function, andthe additionalfact that the probability distri-
bution of is log-concave, it hasbeenshowvn [15] [16]
[17] thatthe process cornvergesto a uniqueconstant

Xpoint process suchthat
— 1)
for , Where
for all
is thereceptve eld of theneuron and is thevol-

umeof the eld. However, it is not clearhow to general-
ize the proof for our geometriccase especiallybecausave
do not have (andalsodo not want) log-concaity of  be-
causethis would leadto a unigque xpoint. Thereforewe
will assumecornvergencein a sensestatedin the following

section.Referto gure 1 for apictureof thedistributionon
the spheretogetherwith the correspondingeceptve elds

(dottedlines).

6. LIMIT POINTS OF THE GEOMETRIC
ALGORITHM

In this sectionwe wantto studytheendpointsof geometric
ICA, sowewill assumeéhatthealgorithmhasalreadycon-
verged. Theideathenis to formulatea conditionwhich the
endpointswill haveto satisfyandto shaw thatthesolutions
areamongthem.

De nition 6.1 (Geometric ConvergenceCondition). Two
angles satisfythe GeometricCornvergence
Condition (GCC)if they are themediansf restrictedto
their receptiveelds i.e. if isthemedianof

De nition 6.2. A constanrandomvector
is called xpoint of geometriclCA in the expectationif

Hence the expectatiorof a Markov process start-
ing ata xpoint of geometricl CA will not be changedy
thegeometriaupdaterule indeed because

Theorem 6.3. If the geometricalgorithm corvergesto a
xpoint of geometriclCA in
the expectationthenthe satisfyGCC.



Proof. Assume doesnot satisfyGCC. Withoutloss
of generality let be the receptie eld of
suchthat . Since is a xpoint of geomet-

ric ICA in theexpectationwe have

where denoteghecharacteristiéunctionof thatin-
tenval. But this means

andtherefore

SO0 satis esGCC. The samecalculationfor
showvsthetheorem. O

As before et
andlet
anglesfor

bethetransformedinit vectors,
be the corresponding

Theorem6.4. Thetransformedangles satisfyGCC.

Proof. Becauseof the symmetryof the claim it is enough
toshavthat satis esGCC.Withoutlossof generalitylet
usingthe symmetryof . Then,due
to construction . Let - and
—. Thenthereceptve eld of canbewritten(modulo
) as Therefore,we have to shawv that
is the medianof restrictedto , Which
means
We will reducethisto theorthogonaktandarctase
by transformingthe integral asfollows:

where
denotesthe coneof openingangle
angle

startingfrom
. Using the transformationformula, we continue

Now notethatthe
transformedtone is aconeendingatthe x-axis of
openingangle , because is linear; thereforewe are
left with thefollowing integral:

wherewe have usedthe samecalculationfor asfor
at the last step. This completesthe proof of the
theorem. O

Combiningboththeoremswe have thereforeshown:

Theorem6.5. Let bethesetof xpoints of geometrid CA

in theexpectation.Thenthere exists sud that
solvesthe BSSproblem. Thestable xpoints in

canbefoundby the geometricl CA algorithm.

Furthermorewe believe thatin the specialcaseof uni-
modalandsupegaussiarsignalstheset consistf only
two elements:a stableandan unstable xpoint, wherethe
stable xpoint will befoundby thealgorithm:

Conjecture 6.6. Assumdhatthesouices are unimodal
andsymmetric Thenthere are onlytwo xpoints of geomet-
ric ICA in the expectation.

Notethatthen,thetwo Xxpoints arerelatedasfollows:

If isa xpoint in , then —— isthe
other xpoint.
Conjecture 6.7. Assuméhatthesouices are unimodal,

symmetri@andsupepgaussianThenthereis only onestable
xpoint of geometriclCA in the expectation,and
solveshe BSSproblem.

If thetwo conjecturefiave beenshown, usingtheabove
remarkwe canalsoperformgeometridCA for subgaussian
signalswith the standardalgorithm.Then

is thesolutionof the BSSproblemfor thesubgaussianase.
Simulationgor mixeduniformdistributionscon rm thisre-
sult.

7. UPDATE RULES WITHOUT SIGN FUNCTIONS

We have shawvn thatthe geometricupdatesteprequiresthe
signumfunctionasfollows

Then(normally)the  corvergeto themediangn theirre-
ceptive eld. Notethatthe mediansdon't have to coincide
with any maximaof the mixed densitydistribution on the
sphereasshavnin gure 4. Thereforejn generalary algo-
rithm searchindor the maximaof the distribution will not
nd the medianswhich arethe imagesof the unit vectors
underthe mixture. However underspecialrestrictionsto
the sourcegsamesupergaussiardistribution of eachcom-
ponent,asfor examplespeectsignals),the medianscorre-
spondto the maxima[18].
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Laplaciansignalswith differentvariancesyith the mixture
matrix mappingthe unit vectors to for

. (darkline = theoriticaldensityfunction, grayline
= histogramof a mixture of 10.000samples)

8. CONCLUSION

The geometricl CA algorithm hasbeenstudiedin a con-
cisetheoreticaframeawvork resemblingheoneof Kohonens
learningalgorithm. The xpoints of geometriclCA learn-
ing algorithm have beenexaminedin detail. We have in-
troduceda GeometricdCornvergenceCondition,which hasto
befulllled by the xpoints of the learningalgoritm. We
furthershawedit is alsoful lled by the mixedunit vectors.
Hencegeometrid CA cansolve the BSSproblem. Finally,
we have giventwo conjecturegor theunimodalcasewhere
the xpoint propertyis expectedo beveryrigid.
In future work, besidedreatingnon symmetricsources

, thesetheoreticalconceptdave to be extendedto under
standnonlineargeometricalgorithms[11]. And of course,
the two conjectureswill have to be proven, aswell asthe
Kohonemroofof corvergencdo betranslatednto theabove
model.
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