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ABSTRACT
Geometricalgorithmsfor linearICA haverecentlyreceived
someattentiondue to their pictorial descriptionand their
relativeeaseof implementation.Thegeometricapproachto
ICA hasbeenproposed�rst by PuntonetandPrieto[1] [2]
in orderto separatelinearmixtures.Wewill reconsidergeo-
metricICA in asolid theoreticframework showing that�x-
pointsof geometricICA ful�ll asocalledgeometricconver-
gencecondition,whichthemixedimagesof theunit vectors
satisfy, too. This leadsto a conjectureclaiming that in the
supergaussianunimodalsymmetriccasethereis only one
stable�xpoint, thusdemonstratinguniquenessof geometric
ICA afterconvergence.

1. INTRODUCTION

In independentcomponentanalysis(ICA), givena random
vector, thegoal is to �nd its statisticallyindependentcom-
ponents.This canbe usedto solve the blind sourcesepa-
ration (BSS)problemwhich is, givenonly themixturesof
someunderlyingindependentsources,to separatethemixed
signalsthusrecovering the original sources.In contrastto
correlation-basedtransformationssuchasprincipalcompo-
nentanalysis,ICA renderstheoutputsignalsasstatistically
independentas possibleby evaluatinghigher-orderstatis-
tics. Theideaof ICA was�rst expressedby JuttenandHer-
ault [3] [4] while thetermICA waslatercoinedby Comon
in [5]. Howeverthe�eld becamepopularonly with thesem-
inal paperby Bell andSejnowski [6] who elaboratedupon
theInfomax-principle�rst advocatedby Linsker [7] [8].

Recently, geometricICA algorithmshave receivedfur-
ther attentiondue to their relative easeof implementation
[1] [9]. They have beenappliedsuccessfullyto the analy-
sis of real world biomedicaldata[10] [11] andhave been
extendedto non-linearICA problems[12] also.

2. BASICS

For �����	��
 let ��
������������ be the ��� vectorspaceof
real ����� matrices,and � �!�����#" $&%�'(�)��
������*�����,+

-/.

���0'1�32 $54/6 bethegenerallineargroupin �87 .
In the quadraticcaseof linear blind sourceseparation

(BSS),a randomvector 9:"<;>=��
7 calledmixed vector

is given; it originatesfrom an independentrandomvector
?

"�;@=A�B7 , which will be denotedassourcevector, by
mixing with a mixing matrix C@��� �!����� , i.e. 9D$ECGF

?

.
Here ; is a �x edprobabilityspace.Only themixedvector
is known, andthe taskis to recover C andtherewith

?

$

CIHKJLFM9 .
In the nonlinearcase,where C is any function �L7�=

�B7 , little is known because,without further restrictions,
the problemis generallyill-posed. But in the linear case
describedabove,many differentalgorithmshave beenpro-
posedwith theBell-Sejnowski maximumentropy algorithm
[6] being the most popularand also most widely studied
amongthem.

In this paperwe considera geometricapproachto the
sourceseparationproblem.As weneedacertainuniqueness
of thesolution,we wantat mostoneof thesourcevariables

?ON

" $QP

N

F

?

, where P

N

"K�B75=R� denotestheprojection
on the S -th coordinate,to be Gaussian.Thenany solution
to the BSSproblem, i.e. any TQ��� �!����� suchthat TUFK9 is
independent,is equivalent to C

HKJ , whereequivalentmeans
that T canbewrittenas T@$5VMWICXHKJ with aninvertibledi-
agonalmatrix (scalingmatrix) VY��� �Z����� andaninvertible
matrix with unit vectorsin eachrow (permutationmatrix)

WA�[� �!����� . This hasbeenproved by Comon[5]. Vice
versa,any matrix T which is equivalentto C\HKJ solvesthe
BSSproblem,sincewecalculatefor thetransformedmutual
information
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taking into accountthat the informationis invariantunder
scalingandpermutationof coordinates.

3. GEOMETRIC CONSIDERATIONS

Thebasicideaof thegeometricseparationmethodliesin the
fact that in thesourcespace%�`

J

�bababac�d`�e/6gf	�
7 , where `
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Fig. 1. Exampleof a two-dimensionalscatterplot of a mix-
ture of two Laplaciansignalswith identicalvariance.The
signalshave beenmixed by a maxtrix C mappingthe unit
vectorsonto vectorsinclined with angle h

N

to the i

J

-axis.
Strikedlinesshow bordersof thereceptive �elds.

representa �x ednumberof samplesof thesourcevector
?

with zeromean,theclustersalongtheaxesof thecoordinate
systemare transformedby C into clustersalong different
linesthroughtheorigin. Thedetectionof those� new axes
allowsto determinademixingmatrix T whichis equivalent
to CIHKJ , see�gure 1.

We now considerthe learningprocessto be terminated
alreadyanddescribepreciselyhow to recover thematrix C

then,i.e. after theaxes,which spantheobservationspace,
havebeenextractedfrom thedatasuccessfully. Let

V)" $>%j��i

J

�bababac��i

7

���g�

7

+lkjSmi

N8n

4_��i/o $54 for all pq2 $YSr6

bethesetof positivecoordinateaxes.DenoteVtsO" $5C3V the
imageof thissetunder C .

We claim that VMs intersectstheunit ���q�Gu�� -sphere
?

7jHKJ

" $E%vig�q�

7

+_+ iB+w$1ul6

in exactly � distinctpoints %rx

J

�bababac�^x

7

6 . For this notethat
VMs�y

?

7jHKJ is theimageof theunit vectors%�z

J

�bababac�rz

7

6 un-
derthemap

{

"|�B7~}•%�4/6€�•= �B7~}•%�4/6€�•=

?

7jHKJ

i ‚ �•= C•i ‚ �•= ƒO„

…

ƒO„

…

sowe have(aftera possiblereorderingof the x

N

's)
{

�^z

N

�t$

x

N

. Since C is bijective, x

N

$†x/o inducesz

N

$‡zco andhence
S\$Qp . Furthermore,we notethat the x

N

's spanthe whole
�B7 , sothey form abasisof �87 .

De�ne the matrix ˆ�‰�Šr‹ Œ Œ Œ ‹ ‰b•E�	� �!����� to be the linear
mappingof z

N

onto x

N

for S8$1uw�bababac��� , i.e.

ˆ�‰�Šd‹ Œ Œ Œ ‹ ‰b•,$�� x

J

+Žababa�+ x

7

�•a

This matrix thuseffectsthe linear coordinatechangefrom
the standardcoordinates�^z

N

�

N

to the new basis � x

N

�

N

. We
thenhave thefollowing lemma:

Lemma 3.1. For a permutation•5�U•

7

, the two matrices
ˆ�‰�Šd‹ Œ Œ Œ ‹ ‰b• and ˆ�‰v‘c’

Š^“

‹ Œ Œ Œ ‹ ‰v‘c’

•v“

areequivalent.

Proof.
ˆ�‰�Šr‹ Œ Œ Œ ‹ ‰b•,$YWXˆ�‰v‘c’

Š^“

‹ Œ Œ Œ ‹ ‰v‘c’

•v“

for a permutationmatrix W .

Theorem3.2(Uniquenessof the geometricmethod). The
matrix ˆ�‰�Šr‹ Œ Œ Œ ‹ ‰b• is equivalentto C .

Proof. By constructionof ˆ�‰�Šr‹ Œ Œ Œ ‹ ‰b• , we have

ˆ�‰�Šr‹ Œ Œ Œ ‹ ‰b•O�^z

N

�M$�x

N

$

{

�^z
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C3z
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�

sothereexistsa ”

N

�q�†}•%�4/6 suchthat
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yieldsaninvertiblediagonalmatrix V)�g� �!����� , suchthat

ˆ�‰�Šr‹ Œ Œ Œ ‹ ‰b•,$YVMC3z

N

a

This showstheclaim.

Corollary 3.3. Thematrix ˆ	HKJ

‰�Šr‹ Œ Œ Œ ‹ ‰b•

solvestheBSSprob-
lem.

4. THE GEOMETRIC ALGORITHM

We will restrictourselvesto the two-dimensionalcase;in
[13], we show that for higher dimensionsthe numberof
samplesneededto guaranteea �x ed error rate grows ex-
ponentially, at leastfor uniform distributions.Therefore,in
practice,higher-dimensionalICA solutionsaresometimes
constructedfromtheirtwo-dimensionalcounterpartsbypro-
jectingonto �B› alongdifferentcoordinateaxesandthenre-
constructingthe multi-dimensionalmatrix from the differ-
enttwo-dimensionalsolutions[14] [10] [11]. However, this
only worksif themixing matrix C is closeto theidentityup
to scalingandpermutation.

So,let
?

"m;5�•=D�B› beanindependenttwo-dimensional
Lebesgue-continuousrandomvectordescribingthe source
patterndistribution; its densityfunction is denotedby œ‡"
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Fig. 2. Visualizationof thegeometricalgorithmwith start-
ing points •

J

�^4m� and •

›

�^4m� and end points •

J

�!ž*� and
•

›

�!ž*� .

�B›Ÿ�<=:� . As
?

is independent,œ factorizesin thefollow-
ing way

œ•��i��� _�M$)œ

J

��i•�Zœ

›

�� _�Ž�

with the marginal sourcedensityfunctions œ

N

"¡�&�•=¢� .
Weassumethesourcevariables

?KN

tobedistributedsymmet-
rically, i.e. œ

N

��i•�\$£œ

N

�¤�¥i•� for i5�Y� and SI$¦uw�bababac��� .
In particular, §~�

?

�I$Q4 . For stability of thegeometrical-
gorithm, later we will have to assumethat the signalsare
supergaussianandunimodal– in practicetheserestrictions
areoftenmetat leastapproximately.

As above, let 9 denotethemixedvectorand C the in-
vertiblemixing matrix suchthat 9�$1C

?

. Without lossof
generality, assumethat C is of theform

C‡$¦¨‡©cªm«

h

J

©cªm«

h

›

«�¬ ­

h

J

«�¬ ­

h

›G®

�

where h

N

�G¯ 4_��P�� aretwo angles.Thegeometriclearning
algorithm for symmetricdistributionsin its simplestform
thengoesasfollows:

Pickfourstartingneurons•

J

��•3s

J

��•

›

and•3s

›

on
?

J such
that •

N

and •
s

N

areoppositeeachother, i.e. •

N

$&�¥•
s

N

for
S#$Duw�d° , and •

J

and •

›

are linearly independentvectors
in ±²› . Usually, one takes the unit vectors •

J

$�z

J

and
•

›

$‡z

›

. Furthermore�x a learningrate ³q"j
>�•=´� such
that ³O��µ��

n

4 , ¶

7j·�¸

³O�����,$¹ž and ¶

7j·�¸

³O�����¤›�º&ž .
Then iteratethe following stepuntil an appropriateabort
conditionhasbeenmet:

Chooseasamplei¡��µ��t�g�8› accordingto thedistribution
of 9 . If i¡��µ���$´4 pick a new one – note that this case
happenswith probabilityzerosincetheprobabilitydensity
function(pdf) œ/» of 9 is assumedto becontinuous.Project

i¡��µ�� ontotheunit sphereandget  O��µ��3" $
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Fig. 3. Plotof thedensityœ_¿ of amixtureof two Laplacian
signalswith identicalvariance. The weight adaptationby
thegeometricalgorithmis alsovisualized,alsosee�gure 2.

%muw�d°j6 suchthat •

N

or •3s

N

is the neuronclosestto   with
respectto anEuclideanmetric.Thenset

•

N

��µKÀYu���" $YPL��•

N

��µ���ÀU³O��µ��

«�Áw­

�� O��µ��¡��•

N

��µ������Ž�

whereP�"w�B›²}•%�4/6I�<=

?

J is theprojection,and

•

s

N

��µ�ÀYu���" $1�¥•

N

��µ�ÀYu��Ža

Theothertwo neuronsarenotmovedin this iteration.
In �gures 2 and3 the learningalgorithmhasbeenvi-

sualizedboth on the sphereand after the projectiononto
¯ 4_��P�� .

This algorithmmay be calledabsolutewinner-takes-
all learning. It is Kohonen's learningalgorithmfor self-
organizingmapswith a trivial neighbourhoodfunction ( 4 -
neighbour algorithm) but with the modi�cation that the
stepsizealongthedirectionof asampledoesnotdependon
distance,andthatthelearningprocesstakesplaceon

?

J not
in � .

5. FORMAL MODEL OF THE GEOMETRIC
ALGORITHM

Now, we presenta formal theoreticalframework for geo-
metricICA whichwill beusedin thenext sectionto formu-
latea properconvergencecondition.

First,we show usingthesymmetryof
?

thatit is in fact
notnecessarytohavetwo neurons•

N

and•3s

N

movingaround
on thesameaxis. Indeed,we shouldnot speakof neurons
but of lines in �B› – so our neuronswould be living in the
real projective space�¡Â

J

$

?

JbÃ5Ä , where Ä identi�es
antipodalpoints. This is themanifoldof all 1-dimensional
subvectorspacesof �8› . A metricis de�ned by setting

Å

��¯ i_Æ!�v¯  mÆ��t" $YÇ

¬ ­

%/+ i~�� K+ ��+ iÈÀU K+ 6



for ¯ i_Æ!�v¯  mÆ3�Y�¡Â

J . Alternatively, onecanpicturethe neu-
ronsin

?

J

É

" $

?

JLy�%j��i

J

��i

›

�•���B›•+ i

›\Ê

4/6lÃXÄ , where Ä

identi�es thetwo points �¤uw�r4m� and �¤�Iuw�r4m� . Let ³g"

?

JI�<=

?

J

É bethecanonicalprojection.Furthermore,it is usefulto
introducepolarcoordinatesË>"

?

J

É

�•=Ì¯ 4_��P�� on
?

J

É with
thestrati�cation Ë8s¡"_�1�•=

?

J

É suchthat ËBs/F¥Ë*$

¬

-

. Let
Í

" $5Ë²F<ËBsO"w�‡�•=Î¯ 4_��P�� bethe'modulo P ' map.Wewant
to somehow approximatethetransformedrandomvariable

Ï

" $5ËqFM³XFMPÐFM9Ñ"m;5�•=Î¯ 4_��P��Ža

Note, that the densityfunction œ_¿ of
Ï

canbe calculated
from thedensityœ/» of 9 by

œ/¿•�^Ë8�Ò$ÔÓ*Õ

H

Õ

œj»È��Ö

©cªm«

Ë���Ö

«�¬ ­

Ë8�ZÖ

Å

Ö

$ +

-/.

�<CÈ+

HKJ

Ó*Õ

H

Õ

œ•�^C

HKJ

��Ö

©cªm«

Ë���Ö

«�¬ ­

Ë8��×M�ZÖ

Å

Ö

$Ø°Ù+

-/.

�ÙCÈ+

HKJ

Ó
Õ

Ú

œ•�^C

HKJ

��Ö

©cªm«

Ë���Ö

«�¬ ­

Ë8�
×

�ZÖ

Å

Ö

for Ë†�U¯ 4_��P�� usingthesymmetryof œ . Thenthegeometric
learningalgorithm inducesthe following discreteMarkov
process'Q��µ���"m;5�•=D�B› de�ned recursively by

'Q�^4m�M$1��•

J

��•

›

�

and

'Q��µ�ÀYu��L$

Í

�0'Q��µ���ÀU³O��µ��ZÛÙ�

Ï

��µ��B�U'Q��µ������Ž�

where

ÛÙ��i��� _��" $QÜ

�

«�Áw­

��i•�Ž�r4m�Ý+  K+

Ê

+ iB+

�^4_�

«�Áw­

�� _���Þ+ iB+

n

+  K+

and
Ï

�^4m�Ž�

Ï

�¤u��Ž�bababa isasequenceof independentidentically
distributedrandomvariables;	�<=A�8› with thesamedis-
tributionas

Ï

— weneedthemin orderto representthein-
dependenceof the successive samplingexperiments.Note
that the right handsideof the algorithmhasbeenplugged
into Í in orderto guaranteethat 'Q��µ•À*u�����¯ 4_��P�� . Indeed,
this is justwinner-takes-alllearningwith asignumfunction
in � , but taking into accountthe fact that we have to stay
in ¯ 4_��P�� . Note that themetric usedherenow is the planar
metric, which is obviously equivalentto the metric on

?

J

É

inducedby theEuclideanmetricon
?

J3f)�B› .
We furthermorecanassumethatafterenoughiterations

thereis onepoint ß†�

?

J that will not be transversedany
more,andwithout lossof generality, we assumeß to be 4

(otherwisecut
?

J openat ß andprojectalongthis resulting
arc),sothattheabovealgorithmsimpli�es to theplanarcase
with therecursionrule

'Q��µKÀYu��L$‡'Q��µ���ÀU³O��µ��ZÛÙ�

Ï

��µ��B�U'Q��µ����Ža

This is exactly Kohonen's learningrule in the 4 -neigh-
bourcasewith anadditionalsignfunction.Without thesign
function,andthe additionalfact that theprobability distri-
bution of

Ï

is log-concave, it hasbeenshown [15] [16]
[17] that the process'Q��µ�� convergesto a uniqueconstant
�xpoint process'RàY•1�q�8› suchthat

u

”��^á

N

�

ÓjâwãjË¡œ/¿3�^Ë8�

Å

Ë†$)•

N

(1)

for S8$Euw�d° , where

á

N

" $5á,��•

N

��" $

%�Ë†��¯ 4_��P��¥+

Í

�r+ Ë���•

N

+ ��ä

Í

�r+ Ë���•Moj+ � for all pq2 $)Sr6

is thereceptive �eld of theneuron•

N

and ”��^á

N

� is thevol-
umeof the �eld. However, it is not clearhow to general-
ize theproof for our geometriccase,especiallybecausewe
do not have (andalsodo not want) log-concavity of

Ï

be-
causethis would lead to a unique�xpoint. Thereforewe
will assumeconvergencein a sensestatedin the following
section.Referto �gure 1 for apictureof thedistributionon
thespheretogetherwith thecorrespondingreceptive �elds
(dottedlines).

6. LIMIT POINTS OF THE GEOMETRIC
ALGORITHM

In thissection,wewantto studytheendpointsof geometric
ICA, sowe will assumethatthealgorithmhasalreadycon-
verged.Theideathenis to formulatea conditionwhich the
endpointswill haveto satisfyandto show thatthesolutions
areamongthem.

De�nition 6.1(GeometricConvergenceCondition). Two
angles å

J

�rå

›

�æ¯ 4_��P�� satisfythe GeometricConvergence
Condition (GCC)if they are themediansof

Ï

restrictedto
their receptive�elds i.e. if å

N

is themedianof œ_¿3+ á,�^å

N

� .

De�nition 6.2. A constantrandomvector ç'Rà��

ç

•

J

�

ç

•

›

�t�

�B› is called�xpoint of geometricICA in theexpectationif

§~��ÛÙ�

Ï

�èç 'Q��µ�������$Y4_a

Hence,theexpectationof aMarkov process'Q��µ�� start-
ing at a �xpoint of geometricICA will not be changedby
thegeometricupdaterule indeed,because

§~�0'Q��µ�ÀYu����Ì$é§~�0'Q��µ����¡ÀU³O��µ��¤§~��ÛÙ�

Ï

��µ��B�U'Q��µ������

$é§~�0'Q��µ����Ža

Theorem 6.3. If the geometricalgorithm converges to a
�xpoint 'Q�!ž*�gàè��•

J

�!ž*�Ž��•

›

�!ž*��� of geometricICA in
theexpectation,thenthe •

N

�!ž*� satisfyGCC.



Proof. Assume•

J

�!ž*� doesnot satisfyGCC.Without loss
of generality, let ¯ ê

J

��ê

›

Æ be the receptive �eld of •

J

�!ž*�

suchthat ê

N

�†¯ 4_��P�� . Since 'Q�!ž*� is a �xpoint of geomet-
ric ICA in theexpectation,wehave

§1ë

ÍLì í

Šr‹

í�îZï

�

Ï

��µ����

«�Áw­

�

Ï

��µ��B��•

J

�!ž*����ð $54_�

whereÍLì í

Šr‹

í�îZï denotesthecharacteristicfunctionof thatin-
terval. But this means

Ó†ñ
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Õ
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�¤�Iu��Zœ/¿•�^Ë8�

Å

Ë�ÀGÓ
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Õ

¾

ubœ/¿¥�^Ë8�

Å

Ë†$54

andtherefore

Ó
ñ

Š

¼

Õ

¾

í

Š

œ/¿•�^Ë8�

Å

Ë†$‡Ó

í�î

ñ

Š

¼

Õ

¾

œ/¿3�^Ë8�

Å

Ë��

so •

J

�!ž*� satis�esGCC.Thesamecalculationfor •

›

�!ž*�

showsthetheorem.

As before,let x

N

" $YC3z

N

bethetransformedunit vectors,
andlet ò

N

" $£Ë�F•³,F•PL� x

N

�#�1¯ 4_��P�� be thecorresponding
anglesfor S8$1uw�d° .

Theorem6.4. Thetransformedanglesò

N

satisfyGCC.

Proof. Becauseof the symmetryof the claim it is enough
to show that ò

J

satis�esGCC.Without lossof generalitylet
4Gº&h

J

º&h

›

º&P usingthe symmetryof œ . Then,due
to constructionò

N

$@h

N

. Let ê

J

" $Ñó

Š

É

ó

î

›

��ô

›

and ê

›

" $

ê

J

ÀŸô

›

. Thenthereceptive�eld of ò

J

canbewritten(modulo
P ) as á,�^ò

J

�q$:¯ ê

J

��ê

›

Æ!a Therefore,we have to show that
ò

J

$´h

J

is the medianof œ_¿ restrictedto á,�^ò

J

� , which
meansõ

ó

Š

í

Š

œ/¿•�^Ë8�

Å

Ë†$5õ

í�î

ó

Š

œ/¿•�^Ë8�

Å

Ë�a

Wewill reducethis to theorthogonalstandardcaseC‡$

¬

-

by transformingtheintegralasfollows:

õ

ó

Š

í

Š

œ/¿•�^Ë8�

Å

ËU$

$5°Ù+

-/.

�<CÈ+ HKJOõ

ó

Š

í

Š

Å

Ë#õ

Õ

Ú

Ö

Å

Ö�œ•�^CIHKJw��Ö

©cªm«

Ë���Ö

«�¬ ­

Ë8�

×

�

$5°Ù+

-/.

�<CÈ+ HKJOõvö

Å

i

Å

 jœ•�^CIHKJl��i��� _�
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transformedcone CXHKJ��^÷�� is a coneendingat thex-axisof
openingangle P¡Ã�û , becauseC is linear; thereforewe are
left with thefollowing integral:
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wherewe haveusedthesamecalculationfor ¯ h
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Æ at the last step. This completesthe proof of the
theorem.

Combiningboththeorems,wehave thereforeshown:

Theorem6.5. Let ý bethesetof �xpoints of geometricICA
in theexpectation.Thenthereexists �
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����ý such that
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î solvestheBSSproblem. Thestable�xpoints in ý

canbefoundby thegeometricICA algorithm.

Furthermore,we believe that in thespecialcaseof uni-
modalandsupergaussiansignals,theset ý consistsof only
two elements:a stableandan unstable�xpoint, wherethe
stable�xpoint will befoundby thealgorithm:

Conjecture 6.6. Assumethat thesources
?�N

are unimodal
andsymmetric.Thenthereareonlytwo�xpoints of geomet-
ric ICA in theexpectation.

Notethat then,thetwo �xpoints arerelatedasfollows:
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other�xpoint.

Conjecture 6.7. Assumethat thesources
?�N

are unimodal,
symmetricandsupergaussian.Thenthere is onlyonestable
�xpoint �
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•
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ç

•

›

� of geometricICA in the expectation,and
ˆ

HKJ

þ

ñ

Šr‹

þ
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î solvestheBSSproblem.

If thetwo conjectureshavebeenshown,usingtheabove
remarkwecanalsoperformgeometricICA for subgaussian
signalswith thestandardalgorithm.Then
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is thesolutionof theBSSproblemfor thesubgaussiancase.
Simulationsfor mixeduniformdistributionscon�rm thisre-
sult.

7. UPDATE RULES WITHOUT SIGN FUNCTIONS

We have shown that thegeometricupdatesteprequiresthe
signumfunctionasfollows

•

N

��µKÀYu��L$Y•

N

��µ���ÀU³O��µ��

«�Áw­

�� O��µ��B��•

N

��µ����Ža

Then(normally)the •

N

convergeto themediansin their re-
ceptive �eld. Notethat themediansdon't have to coincide
with any maximaof the mixed densitydistribution on the
sphereasshown in �gure 4. Therefore,in general,any algo-
rithm searchingfor themaximaof thedistribution will not
�nd the medians,which arethe imagesof the unit vectors
underthe mixture. However underspecialrestrictionsto
thesources(samesuper-gaussiandistribution of eachcom-
ponent,asfor examplespeechsignals),themedianscorre-
spondto themaxima[18].
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Fig. 4. Projecteddensitydistribution œ_¿ of amixtureof two
Laplaciansignalswith differentvariances,with themixture
matrix mappingthe unit vectors z
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� for
S�$Quw�d° . (dark line = theoriticaldensityfunction,grayline
= histogramof a mixtureof 10.000samples)

8. CONCLUSION

The geometricICA algorithm hasbeenstudiedin a con-
cisetheoreticalframework resemblingtheoneof Kohonen's
learningalgorithm. The �xpoints of geometricICA learn-
ing algorithmhave beenexaminedin detail. We have in-
troducedaGeometricConvergenceCondition,whichhasto
be full�lled by the �xpoints of the learningalgoritm. We
furthershowedit is alsoful�lled by themixedunit vectors.
HencegeometricICA cansolve theBSSproblem.Finally,
wehavegiventwo conjecturesfor theunimodalcasewhere
the�xpoint propertyis expectedto bevery rigid.

In futurework, besidestreatingnonsymmetricsources
?

, thesetheoreticalconceptshave to beextendedto under-
standnonlineargeometricalgorithms[11]. And of course,
the two conjectureswill have to be proven,aswell asthe
Kohonenproofof convergencetobetranslatedinto theabove
model.
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