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Abstract

A rigorous approad for the hydrodynamical processesn the brain is pre-
serted using a simple mathematical model. Two main °uid circulations are
taken into accourt: blood and cerebrospinal °uid (CSF). The system s di-
vided into seven compartmens, taking all important regionsin the brain into
accourt. Thesecompartments are connectedby nonlinear elemerts, e.g. re-
sistors and capacitances.

Two main approades are investigated: a purely hydrodynamical and an
electric circuit asan analogueto it. Onecanshow, that both approacesresult
in the samedi®erertial equations. The behaviour of the model is validated by
simulating two typical phenomena: autoregulation and plateau waves of the
intracranial (brain) pressure(ICP).

For estimating the state of health of patients on the intensive care unit,
the knowledgehow to 't the parameters of the model to the measureddata
sets and the in°uence of the parameters on the system is essetial. These
topics are discussedas an outlook for further researd.

1 Intro duction

The knowledgeof the major hydrodynamical processesn the brain is of great in-
terest for physicianstreating patients with sewere headinjuries on an intensive care
unit. Sinceonly a limited number of measuremen categoriescan be recorded,the
interpretation of thesedata setsis essetial.

At the Departmert of Neurosurgeryof the University Hospital in Regensburgthe
group of Prof. Brawanski is recordingthe important measuremet categorieswhich
are available for the physicians,throughout the whole treatment of the patients.

A typical data setis presered in gure 1. Two main categoriescan be denoted:
‘rst the oxygen level in the blood and in the brain tissue { including the body
temperature of the patient { and secondthe pressuresof the arterial blood and the
internal brain pressure(intracranial pressure- ICP). The time dependenceof all
measuredparametersare shovn in the gure 1.
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Figure 1: A typical recording of neuro monitoring data from the intensive care
unit at the departmert of neurosurgery(University Hospital Regensburg). Shovn
are the oxygen levels of the blood, the oxygen level in the brain tissue and the
body temperature of the patient. Furthermore the arterial blood pressureand the
intracranial brain pressure(ICP) are plotted.

On the basis of these measuremety physicians have to determine the state of
health of the patient and decidethe further treatment. It is clear that a better
insight into the data can help to improve the treatmert.

Main guestionsto be asked are: Which measuremen categorieshave a high
information content ? Doesone categoryin°uence others ? What is the underlying
systemand by which processess the systemtriggered ?

Using statistical data analysisit could be shovn [Brawanski et al., 2007 that the
information of recordingsby the sensordfor the oxygenlevel in the blood is in the
low frequencyrange equalto theseof the oxygenlevel in the brain tissue. Further
applications of time seriesanalysisand independent componert analysisto the data
setsdid not give a further insight into the dependenceof the measuredparameters
on ead other. That's why we decidedto dewelop a model for the system\brain" to
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try to get a better understandingfor the underlying processes.

In cooperation with Rupert Faltermeier and Ralf Rothérl from the departmert
of neurosurgerya model basedon a few medical assumptionshas beendeweloped.
Beforegoinginto detailswe will rst givein section2 someillustrations of the system
we warnt to descrilketo make the readermorefamiliar with the subject. Section3 will
then descrike the model and we will dewvelop the necessaryequations. In section4
the dynamicsof the model is comparedto typical phenomenameasuredon intensive
careunits. A summary and outlook for further researty will be givenin section5b.

2 lllustrations

Two main °uid circulations in the brain have to be taken into accourt: The blood
circulation describingthe transport of blood in the brain, which is divided into the
arterial, capillar and venouscompartmerts, and the cerebrospinaPuid (CSF), which
is a °uid surrounding the brain itself and which is producedin a speci ¢ regionin
the brain.

In the following we will showv someillustrations of the blood and CSF circulations
to clarify the topology in the brain. All illustrations were taken from [Net, 1987
and [Haf, 1969.

2.1 Blo od Circulation

About 30%of the blood of our body °owsthrough the brain to guarartee a suzcient
supply with oxygen. In the following the topology of the blood vesselswill be
descriked.

Physiciansdistinguish betweentwo kinds of blood: the arterial blood, which is
highly saturated with oxygen (nearly 100%)and venousblood, which hastypically
lessthen 65% of the oxygen comparedto the arterial blood. The correspnding
blood vesselsare called arteries (blood vesseldeading from the heart to the organ)
and veins (from the organbad to the heart).

The supply with oxygen saturated blood to the brain is guararteed by the two
main arterieson both sidesof the throat asshown on the left illustration in gure 2.
This main arterial then divides up into smallerand smaller blood vesselantil they
read a diameter of only a few microns. Theseblood vesselsare then called capillars.
The main oxygen exchangefrom the blood to the cellshappenin this region.

To get a better impression, how the blood from the capillars gathers bad to
larger blood vesselsthe veins, an illustration of the blood vesselson the surfaceof
the brain is shavn in the left picture of gure 3. On the right illustration onecan
seethe main veins{ especially the sinus sagitalisin the top of the cranial bone{ in
which the blood °ows badk to the heart using two main veins on both sidesof the
throat.



Figure 2: lllustrations of the main arteries for the oxygen supply of the brain. On
the left side one can seeone of the two main arteries leading to the brain on the
sidesof the throat. The right illustration shows, how the arteries divide up into
smaller and smaller blood vesselsand nally into the capillars.

2.2 Cerebrospinal Fluid Circulation

The brain tissueitself is surroundedby a °uid called cerebrospinal°uid (CSF) to
protect the soft tissue from shocks and movemerts of the head. It works as a kind
of damping by using a °uid circulation through small vessels,as can be seenin
“gure 4. Three processegan be distinguish in the system: production, circulation
and absorption.

As shawn in the right picture of gure 4, the production occursin the cen-
ter of the brain. A system of many capillars produce the CSF by pressingblood
through a menbrane into the CSF compartmert. Thereby the red blood particles,
the haemoglobin,remainsin the blood circulation, sothat one may say the CSF is
blood without haemoglobin.The °uid circulatesaround the brain tissueand nally
is transferred bad into the venousblood, more preciselyinto the sinus sagitalis.
This processworks in the sameway asthe production: through a di®usionprocess
the CSF is reabsorted into the venousblood.

A crosssectionthrough the brain (left picture in gure 4) shaws all important
parts of the hydrodynamical processesand compartmerns (arteries, veins, CSF {
production and absorption).



Figure 3: The arterial and venousblood vesselson the surfaceof the brain tissue
are shavn on the left illustration. The main veinsin the brain are shown in the
right picture { especially the sinus sagitalis and the main veins on the sidesof the
throat are important.

3 The Mo del

As descriled in the previous section the system\brain” can be separatedinto a
few compartmerts connectedby resistancesand capacitancedo describe the overall
hydrodynamical processesIn this work, we will use7 compartmerts to descrike the
system:

A=arterial, C=capillary, V=v enous,S=sinus sagitalis,
B=brain tissue,F=°uid, I=injection of °uid.

The rst 4 compartmerts (A,C,V,S) describe the blood circulation, the last ones
the cerebrospinal’uid compartmerts (F,B) and a possiblevolume () occupiedfor
°uid injected from external sourcesor by extensionof volumes lled by blood. The
overall volume is constart due to the cranial bone. This assumptionis also known
as the doctrine of Monroe-Kellie. Putting together all the knowledge about the
systemwe obtain our model (see gure 5). Sincewe are dealingwith blood vessels,
which can be treated as elastic materials, we will not only model the resistances
betweenthe compartmerts, but alsothe capacitancesdue to the elastic behaviour
of the blood vessels.A well satis ed medical appraximation is the assumption of
only modelling the arteriesand veinsas capacitancesthe capillar compartmert and
the sinus sagitalis can be assumedas hard walled.

Since the production of CSF is working on capillar level, we have modelled
the production as a resistancebetween C and F. The absorption processof CSF
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Figure 4: Crosssectionsof the brain to visualizethe CSF circulation. On the right
hand sideonecanseen the certer of the brain the regionwherethe CSFis produced,
the arrows indicate the °ow of CSF to the absorption at the sinus sagitalis. On the
left hand sideall important parts (arteries, veinsand the CSF compartmert) of the
systembrain are shawvn.

works in the sameway betweenF and S. The extra compartmert | is just another
compartmen to model expansionof any kind of volume.

To put the model into equations,we can usetwo possibleapproades: rst using
a hydrodynamical model, which is a \realistic" description, and secondan electric
circuit as an analogueto the hydrodynamical one, which is more \in tuitiv e" for
physicists.

3.1 Assumptions for the Hydro dynamical Mo del

For the hydrodynamical model we usethe following basicassumptionto dewelopthe
equations:

2 The blood and CSF is a °uid so we can assumeit as incompressibleand
therefore a constart density in the compartmerts (Y2= const ) ‘(’,—1{2 = 0).
Furthermore an isotropic medium is assumed.

2 In cortrast to the °uid, the brain tissueis a compressiblemedium, so%26 const
) %t) = f(p(t)) for given volume and temperature (V; T = const). In our
model we always assumethe temperature to be constart.

2 The membranesbetweenthe compartmernts i.e. the blood vesselsare assumed
to consist of an elastic media. Accordingly, the pressuredi®erencep, =
Pai Po determinesthe size of the volume: V = f(pai pv), i.e. for elastic
media/membrane: V = - (Pai Po)-

2 As resistanceswve assumecapillars betweenthe compartmerts, sincethe °ow
is laminar and the °ux is accordingly: Flux= % (Hagen-Poiseuille-law).
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Figure 5: Hydrodynamical model for the two main °uid circulations in the brain:
transport of blood in A,C,V and S and the production, circulation and absorption of
the cerebrospinaluid in F and B. For modelling the expansionof any other volume,
one usesthe compartmert |. The overall volume is kept constart (Monroe-Kellie-
Doctrine).

2 As mertioned beigre, the total vgume is constant following the \Monro e-
Kellie-Doctrine™: Vi = Vi ) & = 0.
i i
As the basic equation for determining the pressuresand volumesin the model one
can usethe \consenation of mass"sinceall volumes/mediasare isotropic:

X o dm
| 97 Tt B B
dvs- dv—
- 1 —
Vit &n

V = const Y= const

sincem(t) = “t) ¢V (t).

The sum of all uxes into and out of the volume must be equal to the change of
mass.

3.2 Electric Circuit as an Analogue

The electric circuit describes a system analogto the hydrodynamical model. All
elemerns (resistances,capacitancesdiodes) are known from circuit theory, as well
as Kirchho®-lavs. To simulate the elastic behaviour of the arteries/veins and the
compressibility of the brain tissue,oneusescapacitances.For simplicity of the calcu-
lation we assumethat the pressuresn the brain tissue (B) and in the cerebrospinal
°uid (F) are equal.

Using the basic equation of \consenation of charge™:
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Figure 6: Electric circuit as an analogueto the hydrodynamical model preseried
before. All elemerts can be treated within the well known circuit theory. Com-
partment | can be described as a current source,all pressurescorrespnd to their
pressuresn the compartmerns (A,C,V,S and B)

at ewvery point (A,C,V,S,B) in the circuit, one can write down the full set of equa-
tions. For most physicists this description is probably more intuitiv e, therefore
many papers published on this subject are dealing with electric circuits. Someof
the leading publications are [Ursino, 198§ and [Ursino and Lodi, 1997.

Still onehasto mertion the publicationsonthe hydrodynamicalapproad, sincea
lot of sciertists areworking with this one{ see[Beder et al., 1994, [Kadas et al., 1997.
But most of these publications do not take into accoun the compressibiliyy of the
brain tissue and none of these papers can reproducethe ICP plateau waves, which
will be shavn later. Thereforeit makesus con dent that the model preserted in
this work (taking the compressibiliyy etc. into accoun) is a good starting point for
the further researd.

3.3 Mo delling the Nonlinear Elements

Without going too much into details, we will list in the following the nonlinear
elemerts which are necessaryto simulate the hydrodynamical processes:

2 The autoregulation medanism, which ensuresa constart blood °ow through
the arteries, acts as a feedba& loop. The main variablesto changeare the
resistanceof the arteriesRac andthe capacitanceCpg . If the pressurebetween
the arterial and capillar compartmert drops, the resistancereducesto keep
the °ow constart and vice versa. In the left graph of gure 7 onecan seethe
cerebralblood °ow (CBF) andthe dependenceof the resistanceon the pressure
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di®erencen | pc. Further atime constart must be taken into accoun, since
the arteries do not act instantaneous.

2 |n the CSF circulation, only cerebrospinaFPuid canbe producedat the capillar
level and absorked in the sinus sagitalis, so that no reversal of the °ux is
possible. Thereforethe resistanceR¢cr and Rgs must be modelled asdiodes.

2 The capacitance®f the veinsand the compressibiliy of the brain tissuebehave
nonlinear, as can be seenin gure 7. Usedapproximations are:

— dVy 1
= »
Cve d(pvi ps) “v(Pvi Pei Pvg)

and

CB:V—B¢

gz

dl/B A 1 o |
o fi .

CBF A Cs Cye

> >
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Figure 7: Nonlinear behaviour of the elemens in the hydrodynamical model. The
left hand side shows the autoregulation medanism, which keepsthe cerebralblood
°ow (CBF) in the nominal pressurerange constart (plateau). On the right hand
side the pressuredependenceof the capacitancesof the brain tissue (Cg) and the
veins(Cyg) are plotted.

3.4 Di®erential Equations

In order to avoid unnecessarytechnicality we presert the di®erettial equationsfor
the simplest model (neglecting the capacitancesof the veins and the diodesin the
CSF circulation). Using the electric circuit we would obtain for the nodesA,B,C
and S aswell asfor the autoregulation medanism the following equations:
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Pai Pc

Pa: Oai i Cae(Pai pPe)=0

Rac
P : CAB(QAiQB)iCBq:Qa"'pCIpBipBlpS"‘q:O
Rcs Rss
Pe pAipcipcipBipcipszo
) RAC RCB RCS
Pci Ps . Pei Ps
: i i =0
Ps Res i Roe i g
1
Rac © Rac = — (Racopti Rac)

CAC

where Racopt IS @ function of pa i pc and behaveslike the one plotted in g-
ure 7. The equationsfor pa and ps can be neglected,sincewe are not interestedin
directly calculating the °uxes ga and ¢s { they can be calculated by other means.
Rearrangingthe equationswill give the following two di®erertial equations:

1 Hp i P Psi P f
_ ciPe PeiPs, . ,co ¢
B Cag + Cg Rce | Res q A8 P
1
Rac = — (Racopt(Pai Pc)i Rac)

CAC

plus one constraint for pc:

Pa i pCi Pc i DBi Pci Ps

=0
RAC RCB RCS

Assumingthat we are not using diodesin the resistanceRcg we can explicitly
solve the equation for pc and substitute it into the rst two equations. Therefore
we obtain a set of two ordinary di®erenial equation, which can be easily solved
numerically.

4 Comparison: Mo del $ Exp eriment

Using the set of di®erenial equationsderived in the previoussection,we would like
to shav in this sectionthe dynamical behaviour of the system simulating typical
phenomenameasuredon intensive care units and we will discussthe in°uence of the
parameterson the systemto understand more preciselythe long time behaviour of
the intracranial pressure(ICP).
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4.1 Dynamical Behaviour

To validate the correct behaviour of the model we will preser two simulations and
comparethe resultswith clinical measuremets. The rst simulation shows, how the
cerebralblood °ow and the resistanceof the auto regulation reactson a short time
drop of the arterial blood pressure.In reality this can be simulated by compressing
one of the arteries leading to the brain. This clinical test is a possibility for the
physiciansto validate, whether the autoregulation of the patient is working or not,
sincethis is one of the main regulation medanismsin the brain.

100

Pressure [mmHg]
Resistance / Flow [a.u.]

Arterial Blood Pressure (ABP) — |
Resitance of Auto Regulation —
Cerebral Blood Flow (CBF) —

20

0 1 1 1 1
0 5 10 15 20 25

Time [s]

Figure 8: Simulation results of a test of the autoregulation of a patient. A short
drop of the arterial blood pressure(ABP) initiates the autoregulation and the sys-
tem tries to keepthe blood °ow (CBF) constart by lowering the resistance. An
overcompensationin the CBF happensafter the arterial blood pressurerisesto its
normal value. Patients with a fully working autoregulation show this behaviour.

By lowering the arterial blood pressurethe systemtries to compensatethe drop
of the cerebral blood °ow by lowering the resistanceof the arteries. Since this
regulation can not happen instantaneous, one obtains a relaxation processand an
overcompensation of the regulation, when the arterial blood pressurerises again.
This can be clearly seen('gure 8), where the cerebral blood °ow rises over the
nominal value after the phaseof the compression(t=10s). Patients with a low or in
this caseof no autoregulation, this overcompensationcan not be seenand is thus a
clear indication for the physicians.

A secondexampleof typical recordingsfrom patients on the intensive care unit
are shavn in gure 9. Theseso called \ICP plateau waves" are oscillations of the
intracranial pressureto valuesfar above the nominal value of 10to 20 mmHg. The
origin of theseplateau wavesis not clearly understood but hasbeensimulated rst
by [Ursino and Lodi, 1997.
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Figure 9: A measuremen by [Ursino and Lodi, 1997 of typical seenICP plateau

wavesand results of a simulation with the model presened in this work. Theseself

sustainedoscillationsare unstable xed points of the systemand can be reached by

changing the parametersof the system.

They areusingaslightly di®eren autoregulationmedanism: the resistancetself
is not directly regulated, but the capacitanceof the arteriesand thereforeindirectly
the resistance. This regulation medanism can also be usedin our model and in
“gure 9 one can seethe self sustainedoscillations. To get to a point, at which the
systemstarts to oscillate by itself, one hasto changethe parametersof the system.
Mainly the absorption of the CSF into the venousblood must be reducedand the
compressibiliy of the brain tissue hasto be changedslightly. With thesechanges
the systemgetsto an unstable xed point.

After having produced thesetwo simulation, we are now con dent to usethe
model for further researt of the long time behaviour of the system. This behaviour
is the mostinteresting onefor physicianstreating patients on the intensive careunit.

4.2 Parameter Dependence

As mertioned above, especially the in°uence of the parameterson the systemis of
greatimportancefor the physicians,sincethe evaluation of the parametersusingonly
the measureddata sets,would make it possibleto determinethe state of health of
the patients. Furthermore the ewlution of the measuredsignalscould be predicted,
if for exampleone would know, how external driving (the arterial blood pressure)
in°uences the ewlution of the intracranial pressure. Two examplesof measured
signalsare shovn in gure 10.

For a prediction, one hasto distinguish betweentwo sorts of parameter depen-
dencies: 1. Parameter dependenceof the stability of the xed points and 2. how
the stationary solutions (stable xed points) ewlve when parameterschange. Pos-
sible parameter drifts are changesin the autoregulation, the CSF production and
absorption or changesin the volumel, due to internal bleeding.
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Figure 10: Two typical recordingsof the arterial blood pressureand the intracranial
pressuremeasuredon the intensive care unit at the departmert of neurosurgery
(University Hospital Regensburg).

5 Conclusions

In this work we have presenied a hydrodynamical model for a biomedical system
using a rigorous approad. The goal wasto obtain a better insight into the neuro
monitoring data measuredon an intensive careunit. In cooperation with the group
of Prof. Brawanski of the Departmernt of Neurosurgeryat the University Hospital
of Regensburgwe have deweloped the model and go on to study the behaviour of
this dynamical system. It was shawvn, that two di®erern approadiescan be usedto
study the hydrodynamical processesn the brain: a purely hydrodynamical and an
electric circuit as an analogue. The nonlinear elemens betweenthe compartmerts
play a certral role and make the systembehase complex. Still one can reproduce
typical clinical phenomenaand a study of the parameterdependences possible.

In the future we will go in to a detailed analysis of the nonlinear di®erertial
eqguations. Sinceit is not possibleto give any analytical solution, we will analyzethe
numerical solutions, study the xed points and their stability and look for possible
chaotic behaviour. The limit cycle which was already found (ICP plateau waves)
should be clearly correspnd to unstable xed points.

Furthermore we will have a look at the stable xed points and do a kind of
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\stabilit y analysis" of the stationary solutions: How doesthe xed points depend
on the parametersand how is the systemtriggered by the external force (the arterial
blood pressure)? Thesequestionsare most interesting for clinical applications.

As an extensionof our model, we want to couplethe oxygen levels of the blood
and the brain tissueto the preserted model. This could give further insight into the
processesn the brain. Another option would be simulating local behaviour, since
the current model averagesover the whole brain.

6 Cooperations

A closecooperation in dewelopingthe model hasbeenestablishedwith the group of
Prof. Brawanski of the Departmert of Neurosurgeryat the University Hospital of
Regensburg.Especially with Rupert Faltermeier for the physical part of the model
and Ralf RothArl, who is a physician at the neurosurgerydepartmert.

In the group of Prof. Richter, | had very fruitful discussionsabout the theoretical
issuesof the model with Juan-Diego Urbina and Peter Schlaghe& as well as with
Jérg Kaidel from the group of Prof. Brack.
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